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The low-temperature electrical resistivity of corrugated semiconductor films is theoretically considered.
Nanoscale corrugation enhances the electron-electron scattering contribution to the resistivity resulting in a
stepwise resistivity development with increasing corrugation amplitude. The enhanced electron scattering is
attributed to the curvature-induced potential energy that affects the motion of electrons confined to a thin
curved film. Geometric conditions and microscopic mechanism of the stepwise resistivity are discussed in
detail.
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I. INTRODUCTION

Nanostructures with curved geometry have attracted
broad interest in the last decade. Successful fabrication of
corrugated semiconductor films,1,2 Möbius NbSe3 stripes,3

peanut-shaped C60 polymers,4–6 and other exotic nanomate-
rials with complex geometry7–15 has triggered the develop-
ment of next-generation nanodevices. Moreover, nanostruc-
tures provide an experimental platform for exploring the
effects of surface curvature on the nature of conducting elec-
trons confined to low-dimensional systems. An important
consequence of nonzero surface curvature is the occurrence
of a curvature-induced effective potential. It was theoreti-
cally suggested16–19 that an electron moving in a thin curved
layer experiences potential energy whose sign and magnitude
depend on the local geometric curvature. Such a curvature-
induced potential has been observed to cause many intrigu-
ing phenomena20–39 such as bound states of noninteracting
electrons in deformed cylinders40–42 and energy-band gaps in
periodic curved surfaces.43–46 Quite recently, surface curva-
ture was found to markedly affect interacting electrons in the
quasi-one dimension resulting in a significant shift in the
Tomonaga-Luttinger exponent of thin hollow cylinders sub-
ject to periodic surface deformation.47

In the present study, we demonstrate an alternative conse-
quence of surface curvature, which manifests in interacting
electron systems. We consider the low-temperature resistivity
of two-dimensional corrugated semiconductor films and
show that nanoscale corrugation considerably enhances the
resistivity of the films. This resistivity enhancement is attrib-
uted to contributions of electron-electron umklapp scattering
processes. When the amplitude of corrugation takes specific
values determined by the Fermi energy, umklapp processes
due to the curvature-induced periodic potential cause a
change in the total electron momentum resulting in a signifi-
cant increase in the resistivity. The magnitude of the en-
hanced resistivity is within the realm of existing
experiments48 confirming the relevance of our theoretical
predictions to curved-structure-based application technology.

This paper is organized as follows. In Sec. II, we provide
an outline of the derivation of the Schödinger equation for a
curved surface on the basis of the da Costa approach.17 In
Secs. III and IV, we summarize the formula for calculating
the resistivity that is affected by electron-electron scattering

on the periodically corrugated surface at low temperature. In
Secs. V and VI, we present the numerical results and discus-
sions, respectively. Finally, in Sec. VII, we conclude the pa-
per.

II. ELECTRON EIGENSTATES IN NANOCORRUGATED
FILMS

In this section, we outline the mathematical description of
electrons confined to a periodically curved surface. We as-
sume a thin conducting layer to which the motion of an
electron is confined. The layer is corrugated in the x direction
with period 2� /� but remains flat in the y direction. The
height of the layer is expressed as

z = a cos��x� , �1�

where a is the amplitude of corrugation �see Fig. 1�. We
assume that the thickness of the layer is spatially uniform
and sufficiently small to increase excitation energies in the
normal direction far beyond those in the tangential direction.
Under these conditions, we obtain the Schödinger equation
for electrons propagating in the corrugated layer as17

−
�2

2m�� 1
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�

�x
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w�x�
�

�x
� +

�2

�y2���x,y� + U�x���x,y�

= E��x,y� , �2�

where m� is the effective electron mass and w�x�
=�1+ �a� sin��x�	2. The salient feature of Eq. �2� is the pres-

FIG. 1. �Color online� Schematic illustration of thin corrugated
surface represented by z=a cos��x�. Here, a is the corrugation am-
plitude and 2� /� is the period of corrugation. The curvilinear co-
ordinates �� ,�� and the period of a curvature-induced potential
U���, denoted by ��, are indicated. See text for the definition of
U���.
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ence of an attractive potential U�x� defined by

U�x� = −
�2

8m�

�a�2 cos��x�	2


1 + �a� sin��x�	2�3 , �3�

which results from the nonzero surface curvature of the sys-
tem. �In fact, U�x��0 if a�0, i.e., a flat surface.	 Spatial
profiles of U�x� in units of U0=�2�2 / �8m�� are shown in Fig.
2, where several values of a are selected. Downward peaks
are formed at x= 	�� /���=0,1 ,2 , . . .�, where the layer
height is either maximum �z=+a� or minimum �z=−a�. It is
noteworthy that the x dependence of U�x� deviates consider-
ably from a sinusoidal curve, whereas the surface corruga-
tion is exactly sinusoidal.

Equation �2� is simplified by using new variables �see Fig.
1�:

� = 

0

x

w�x��dx�, � = y . �4�

Substituting them into Eq. �2� yields an alternative form of
the Schrödinger equation,

−
�2

2m�� �2

��2 +
�2

��2����,�� + U������,�� = E���,�� , �5�

which has the solution of the form ��� ,��=X���Y��� with
X��� and Y��� satisfying the equations

−
�2

2m�

�2

��2X��� + U���X��� = E�X��� , �6�

−
�2

2m�

�2

��2Y��� = E�Y��� , �7�

where E�+E�=E. From Eq. �7�, we obtain Y���
eik��.
Equation �6� is solved by using the Fourier series expansions

X��� = �
k�

�k�eik��, k� =
2�

L�

n�, �8�

and

U��� = �
G

UGeiG�, G =
2�

��

n , �9�

where n� ,n are integers; L�=�0
Lxw�x�dx and Lx represent the

length of the layer along the �- and x-coordinate axes, re-
spectively, and the length defined by

�� = 

0

�/�

w�x�dx , �10�

equals one period of U��� �see Fig. 1�. Substituting Eqs. �8�
and �9� into Eq. �6�, we obtain the secular equation

��k�−G
0 − E���k�−G + �

G�

UG�−G�k�−G� = 0 for every k�,

�11�

where �k�−G
0 =�2�k�−G�2 / �2m��. Numerical diagonalization

of Eq. �11� yields E� and X��� satisfying Eq. �6�, which en-
ables us to draw the energy-band structure E=E�+E� on the
k�−k� plane. The cross section of the three-dimensional plot
E=E�k� ,k�� at a fixed energy gives us the modulated Fermi
surface showing gap openings �see Fig. 3�, which completes
calculations of eigenstates of electrons confined to a thin
corrugated layer.

III. TWO-ELECTRON SCATTERING PROCESSES:
UMKLAPP AND NORMAL PROCESSES

The objective here is to determine the effect of electron-
electron scattering processes on the low-temperature resistiv-
ity of thin corrugated layers. We assume a two-electron scat-
tering process that transforms a pair of electron states �k1 ,k2�
into �k3 ,k4�, where ki= �ki

� ,ki
�� is the wave vector of the ith

degenerate eigenstate that belongs to a given Fermi energy
EF. For the law of momentum conservation to hold, condi-
tions

FIG. 2. �Color online� Spatial profile of U�x� in units of U0

��2�2 / �8m��. Downward peaks of U�x� at �x /�=���
=0,1 ,2 , . . .� grow with increasing a.

FIG. 3. Schematic illustration of first-order umklapp scattering
process from between two-electron states �k1 ,k2� and �k3 ,k4�. Gaps
open at k� /kF= 	0.79, whose positions are determined by EF and a.
Here, as an example, we set EF /U0=3.13 and kFa=1.32.
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k3
� + k4

� = k1
� + k2

� +
2�

��

m , �12�

with arbitrary integer m, and

k3
� + k4

� = k1
� + k2

� �13�

must be satisfied. The last term on the right side of Eq. �12�
is attributed to the periodic structure of U��� that yields a
reciprocal-lattice vector

G0 �
2�

��

. �14�

A schematic illustration of a two-electron scattering process
is shown in Fig. 3. Thin curves on the k�−k� plane represent
the Fermi surface for EF /U0=3.13 and kFa=1.32, which
were numerically deduced from the diagonalization of Eq.
�11�. These thin curves show gaps at k�� 	0.79kF, where
the magnitude of the gaps is determined by the Fourier com-
ponents UG�−G of the periodic potential U���. Here, we as-
sume that in the absence of corrugation �i.e., a�0�, the
Fermi surface shows an exact circle on the k�−k� plane. As
shown in Fig. 3, two eigenstates located at k1 and k2, in the
vicinity of a corrugation-induced gap, are transformed into
k3 and k4, respectively. It should be noted that both relations
�12� and �13� hold for the process shown in Fig. 3, where the
integer m in Eq. �12� takes the value of m=1. Hereafter, a
two-electron scattering process involving an integer m�0 is
termed the mth umklapp process; if m=0, we refer to it as a
normal scattering process.

IV. BOLTZMANN TRANSPORT EQUATION

Contributions of two-electron scattering to the resistivity
at low-temperature T are given by the Boltzmann transport
equation.49 We assume that kBT
EF and the Fermi surface
has a circular shape on the k�−k� plane if a�0. Then, we
can prove that50

��T� = �c� kBT

EF
�2 h

e2 , �15�

�c = �
m=−�

� 
 dq
��Ma�2 +

1

2
�Ma − Mb�2���v · u�2

192�2�2�v1 � v3��v2 � v4�
, �16�

where kB is the Boltzmann constant, vi is the group velocity
of the electron belonging to the eigenstate ki, �v= �v3+v4�
− �v1+v2�, and u is the applied electric field. Integration over
q�k3−k1 in Eq. �16� is carried out for all possible k1 and k3
that satisfy relations �12� and �13� for a fixed m. The transi-
tion probability Mj�j=a ,b� is given by

Mj = �
G1

. . . �
G4

ũ�K j��k3
�−G3

�
�k4

�−G4

�
�k2

�−G2
�k1

�−G1
,

Ka = k3 − k1 − G3 + G1,

Kb = k4 − k1 − G4 + G1, �17�

where ũ�K� is the Fourier transform of the screened Coulomb
potential50 and Gi= �niG

0 ,0� in terms of the �� ,�� coordi-
nates. As is clear from Eq. �17�, summations with respect to
Gi�niG

0 are carried out for all ni values under the con-
straints

n3 + n4 = n1 + n2 + m , �18�

where m is fixed by the summation index in Eq. �16�. In the
actual calculation, we employed material constants of
GaAs /AlxGa1−xAs heterostructures: EF=10 meV, m�

=0.067m0, and �=13.2�0 with a bare electron mass m0 and
the dielectric constant of vacuum �0. In such heterostruc-
tures, the Fermi energy exists near the � point, which justi-
fies our assumption of an isotropic Fermi surface.

V. RESULTS

Figure 4 shows the a dependence of �c at �=0.15 nm−1.
The surprising observation in Fig. 4 is a stepwise increase in
�c with a, in which �c exhibits sudden jumps at specific
values of a given by kFa=0.6 and 2.6. The nonmonotonic
behavior of �c plotted in Fig. 4 suggests the possibility of
tuning the resistivity of actual low-dimensional nanostruc-
tures by imposing surface corrugation. In fact, our results
suggest that the corrugation-induced increase in the resistiv-
ity observed in GaAs-based nanocorrugated films with a
=5 nm and 2� /�=40 nm is of the order of �c�3�10−3,
which is within the range obtained by the measurement tech-
nique used in Ref. 48.

To determine the physical origin of jumps, we decompose
the summation shown in Eq. �16� with respect to m and
separately plot three dominant components consisting of �c,
as shown in the inset of Fig. 4: the thin solid line shows the
contribution of the normal scattering process �m=0�, the thin
dotted line shows the contribution of the first-order umklapp
process �m=1�, and the thick solid line shows the contribu-
tion of the second-order umklapp process �m=2�. The plot in
the inset shows that the significant increase in the umklapp
contributions results in the jump in �c. The mechanism of the

FIG. 4. �Color online� Stepwise increase in �c with corrugation
amplitude a. �c shows sudden jumps at kFa=0.6 and 2.6. Inset:
contribution to �c from the normal process �m=0� and umklapp
process of the first �m=1� and second �m=2� orders.
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increase in umklapp contributions is explained in detail in
Sec. VI.

We also find that specific values of kFa which cause the
jump in �c correspond to those of kFa which satisfy the re-
lation

G0

2kF
=

1

p
�p = 1,2, . . .� , �19�

or equivalently,

�� =
p�F

2
, �20�

where �F is the Fermi wavelength. Figure 5 shows the a
dependence of G0 / �2kF�; it decreases monotonically with
kFa, because G0
��

−1 and �� increases with a �see Fig. 5�.
We see from Fig. 5 that G0 / �2kF� takes the values of 1 and
1/2 at kFa=0.6 and 2.6, respectively, which cause the jumps
in �c as shown in Fig. 4. It should be noted that at these
values of kFa, the radius of the Fermi circle on the k�−k�

plane becomes equal to G0 or G0 /2. As a result, the gaps
open at k�= 	kF �as well as 	kF /2�, i.e., at both ends of the
Fermi circle. These gaps lead to the increase in the umklapp
contribution to �c, as elucidated in Sec. VI.

VI. DISCUSSIONS

The jumps in �c shown in Fig. 4 result from the following
three conditions: �i� enhanced transition probabilities Mj in
the integrand of �c, �ii� divergence of the density of states
��v1�v3��v2�v4��−1 �see Eq. �16�	, and �iii� occurrence of
gaps at both the ends of the Fermi circle �i.e., at k�= 	kF�.
To present a concise argument, we consider first-order um-
klapp contributions, i.e., components related to m=1 in ex-
pression �16�. �An analogous discussion for the case of m
=2 is available.�

We know that Mj includes the term 
�k3
�

�
�k4

�
�

�k2
��k1

�+G0, for

instance. Here, ��k1
�+G0� has a large value within a limited

region �k1
� centered at k1

� =−G0 /2 �see Fig. 6�. It is notewor-
thy that larger ��k1

�+G0� results in larger Mj; furthermore, this
scenario holds for other terms involving �ki

�+G0�i=2,3 ,4�.

Therefore, Mj is enhanced when at least one of the four
states, ki

�, is located with the corresponding region �ki
�

within which ��ki
�+G0� is large.

Next, we consider the condition for the density of states
��v1�v3��v2�v4��−1 to diverge. From Ref. 50, it follows that


 dq

�v1 � v3��v2 � v4�


 d�1d�3

�sin �24�
, �21�

where �1 and �3 are the polar angles of k1 and k3, respec-
tively, on the k�−k� plane and �24 is the relative angle be-
tween k2 and k4. Expression �21� implies that �c diverges
when �24�0 and �24�� which correspond to forward and
backward scattering, respectively, between the states of k2
and k4. As a consequence, sudden jumps in �c are attributed
to the umklapp process that involves forward and backward
scattering. Figure 7 shows some examples of relevant scat-
tering processes that satisfy conditions �i� and �ii� mentioned
earlier.

Finally, we comment on condition �iii�, that is, gaps in the
Fermi surface should be positioned at both the ends of the
Fermi circle, k�= 	kF. Figure 8 shows two Fermi circles, in
each of which gaps open at �a� k�= 	0.79kF and �b� k�

= 	kF. Circular thick arcs �colored in red� indicate positions
of eigenstates interior to the region of �k�, i.e., states in the
vicinity of gaps. From earlier discussions, it follows that um-
klapp scattering processes involving the states indicated by

FIG. 5. �Color online� Monotonic decreasing behavior of G0

with increasing a. G0 / �2kF� takes values of 1 and 1/2 at kFa=0.6
and 2.6, respectively. Inset: a dependence of �� in units of Fermi
wavelength �F.

FIG. 6. �Color online� Profile of expansion coefficients ��k�� as a
function of k�; see Eq. �8� for its definition. The magnitude of
��k�	G0� is comparable to that of ��k�� near k� /kF= �0.79, respec-
tively, at which gaps open as shown Fig. 3.

FIG. 7. �Color online� Examples of umklapp scattering process
in which states k2 and k4 undergo forward scattering �left� or back-
ward scattering �right�. All four states ki�i=1,2 ,3 ,4� are con-
strained to be located near the corrugation-induced gap denoted by
the vertical dotted lines.
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thick curves significantly contribute to �c. It should be noted
that such relevant processes are achieved more frequently in
the Fermi circle shown in Fig. 8�b� than in that shown in Fig.
8�a� since the length of the thick curve in the former is larger
than that in the latter. This proves that condition �iii� is es-
sential for the occurrence of the sudden jump in �c.

VII. CONCLUSION

In conclusion, we have shown that the electrical resistiv-
ity of nanocorrugated semiconductor films exhibits a step-
wise increase with the corrugation amplitude. Corrugation
amplitudes that lead to resistivity jumps are determined by
the relation G0 / �2kF�=1 / p�p=1,2 , . . .�, where kF is the
Fermi wave vector and G0 is the corrugation-induced
reciprocal-lattice vector associated with the curvature-driven
periodic potential U. We have proved that the resistivity
jumps originate from the increased contribution of an um-
klapp scattering process. The requisite corrugation amplitude
for the resistivity jumps to be observable is within the order
of a few nanometers, which suggests that our theoretical pre-
diction can be verified experimentally.
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APPENDIX: THE SCHRÖDINGER EQUATION OF
CORRUGATED NANOFILMS

This appendix describes the derivation of Eq. �2�, i.e., the
Schrödinger equation that describes the motion of electrons
confined to a thin curved film. We assume that an electron
located on a general curved surface is parametrized by r
=r�q1 ,q2�, where r is the position vector of an arbitrary point

on the surface. According to the da Costa approach,17 the
Schrödinger equation on the curved surface is given by

−
�2

2m� �
i,j=1

2
1
�g

�

�qi
��ggij �

�qj
��q1,q2�� + U�q1,q2���q1,q2�

= E��q1,q2� , �A1�

where m� is the effective mass of the electron, gij is the
metric tensor defined by gij =

�r
�qi

· �r
�qj

�i , j=1,2�, gij is the in-
verse of gij, and g=det�gij�.51 The second term on the left
side of Eq. �A1� is the effective potential generated by the
curvature of the system and is given by

U�q1,q2� = −
�2

2m���1

2
Tr��ij��2

− det��ij��
= −

�2

2m�
�H2 − K� , �A2�

where H and K are the so-called mean curvature and Gauss
curvature of the surface, respectively. �ij is the Weingarten
curvature matrix expressed as

��11 �12

�21 �22
� =

1

g
�g12K12 − g22K11 g12K11 − g11K12

g12K22 − g22K12 g12K12 − g11K22
� ,

�A3�

in which Kij are the coefficients of the second fundamental
form, Kij =n · �2r

�qi�qj
, where n is the unit vector normal to the

surface,

n = � �r

�q1
�

�r

�q1
��� �r

�q1
�

�r

�q1
� . �A4�

Next, we consider a periodically corrugated surface param-
etrized by

r = xex + yey + f�x�ez, �A5�

where f�x� is a periodic function. From the definition of gij,
we obtain

gij = �1 + fx
2 0

0 1
�, gij = � 1

1 + fx
2 0

0 1
� , �A6�

where the notation fx��f /�x was used. The unit normal n is
expressed as

n = � − fx

�1 + fx
2
,0,

1

�1 + fx
2� , �A7�

which yields

Kij =
1

�1 + fx
2�3/2� fxx 0

0 0
� , �A8�

and thus

�ij =
1

�1 + fx
2�3/2�− fxx 0

0 0
� . �A9�

Consequently, by substituting the above results into Eq. �A2�

(a) (b)

FIG. 8. �Color online� Fermi circles showing gaps at �a� k�

= 	0.79kF and �b� k�= 	kF. The portion of the thick arcs �colored
in red� indicates eigenstates lying interior to the region of �k�, i.e.,
states in the vicinity of gaps, which significantly contribute to �c.
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and then assuming f�x�=a cos��x�, we obtain the
Schrödinger equation, i.e., Eq. �2�. It should be emphasized
that though our study focuses on unidirectionally corrugated

films, our theoretical approach is applicable to a wide variety
of nanostructures with periodically curved geometry, such as
those suggested in Refs. 52 and 53.
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